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Abstract
We discuss a consistency condition for the existence of smooth soliton solutions which
interpolate between vacua in odd-dimensional theories. In particular we apply this anal-
ysis to a wide class of supergravities to rule out the existence of smooth domain walls
interpolating between supersymmetric vacua.
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1 Introduction
Soliton solutions are a central theme in the study of supersymmetric theories. In this
paper we wish to describe a simple observation about solitons viewed as stable nite
energy solutions which interpolate between two vacua of the theory. Namely we point
out that no stable solitons, even those that do not preserve supersymmetry, can exist in a
consistent theory if the negative energy Dirac sea of one vacuum is mapped to a positive
energy sea in the second vacuum.
The analysis given below was initiated by the question as to whether or not a Randall-
Sundrum scenario [1] can be extended to a smooth domain wall in a supergravity theory.
This question has several motivations. It was pointed out in [2] that such an embedding
would solve the ne-tuning problem associated with matching the domain wall tension
and bulk cosmological constant needed in [1]. Indeed without supersymmetry one is
led to question the general stability of a domain wall [3]. In addition, with a smooth
domain wall solution one can improve upon the thin wall approximation in [1] and provide
a complete non-linear analysis of the Randall-Sundrum scenario [3]. Finally there is
widespread belief that supersymmetry and supergravity are relevant phenomenologically
and in this context it is natural to embed our universe in a higher dimensional theory
containing supergravity. Certainly from a theoretical point of view one would like to
place such a \brane-world" in the context of supergravity and ultimately string theory.
The diculty in obtaining a smooth Randall-Sundrum domain wall in ve-dimensional
supergravity has been discussed recently [4, 5, 6] and a no-go theorem can be proven in
various cases [5, 6, 7, 8]1. In this paper we rule out the existence of smooth domains
walls interpolating between supersymmetric vacua on rather general grounds in a wide
class of odd-dimensional supergravities (although not all, e.g. see [10]).
Supersymmetric domain wall spacetimes have also received interest recently due to
their role in the AdS/CFT correspondence. In particular the domain wall central charge
has been identied with the c-function of a four-dimensional eld theory [10, 11]. From
the this perspective the absence of smooth domain walls in a particular supergravity is
1Recently the original but discontinuous Randall-Sundrum domain wall has been embedded into a
supergravity [9].
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must decrease to zero along the renormalisation group flow (i.e. that W1(r) diverges).
2 Sinking or Swimming in the Dirac Sea
Let us consider a general theory in which includes a fermionic eld . Around any
Minkowski space vacuum of this theory we may consider the fluctuations of the fermion
which we assume satises the Dirac equation (we use a \mostly" plus metric in D space-
time dimensions, m;n = 0; 1; 2; :::; D− 1)
Γmrm+M = 0 : (2)
As is well known this equation admits both positive and negative energy solutions ().
In particular, particles at rest have one-particle wave functions given by \plane-wave"
solutions () = eijM jt() where () is a constant spinor and iΓ0() = sign(M)().
The resolution of this \energy crisis" in the quantum theory is to simply assert that in a
given vacuum all the negative energy states (−) are lled.
Now imagine that there is a soliton solution that interpolates between two vacua with
fermion mass matrices M1 and M2. The rst vacuum must be interpreted as containing
an innite Dirac sea of negative energy particles. But how are these particles viewed in
the second vacuum? If M2 has the same sign as M1 then the negative energy modes of
 are the same in each vacua. Now consider the case where the signs of M1 and M2 are
opposite. Naively we see that the negative energy modes of  in the rst vacuum will have
positive energy in the second vacuum. In even dimensions this causes no problem since,
when we go to the rest frame of the particle, we can use its little group to rotate back
into negative energy modes (more explicitly we can act on the wave-function by ΓD+1).
However in odd dimensions this is not possible. In this case there are two distinct spinorial
representations of the little group which are labeled by the sign of Γ0Γ1Γ2 : : :ΓD−1 and
are mapped into each other under Γ $ −Γ [12, 7]. Thus, in the second vacuum the
negative energy Dirac sea of the rst vacuum is mapped into a positive energy \sea" in
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the second vacuum. In this case the second vacuum cannot be stable. Clearly there is no
fundamental distinction between these vacua so we can’t declare that one is stable and
the other is not. Therefore smooth solitons interpolating between two such vacua can
never occur in any quantum mechanically consistent theory.
Clearly this can be generalised to include more than one fermion. In which case there
may be additional elements of the Cliord algebra which can be used in the rest frame to
flip the eigenvalue of −iΓ0. For example this would be the case if the theory is obtained
by compactifying a D + 1-dimensional theory where ΓD+2 acts on the fermionic states.
3 Domain Walls in Supergravity
We now wish to apply the above reasoning to domain wall solitons in supergravity. First
let us review some basic features of supergravity domain walls. We assume that the






R − γAB()@mA@mB − V ()

; (3)
where A, A = 1; 2; 3; :::; N are scalar modes and we assume that metric γAB appearing in
their Kinetic term is positive denite. We further assume that (3) is the consistent trun-
cation of a supergravity theory which is invariant under supersymmetry transformations
of the form







Here W1;W2 and W3A are functions of the scalars 
A which we will avoid specifying in
order to keep our argument as general as possible. In fact we can remove the term in
(4) involving W2 by performing the eld redenitions  ! e−W2,  m ! e−W2 m and
A ! e−W2A. Therefore, without loss of generality, we set W2 = 0. We have also
assumed that any internal indices on the spinors  may be ignored. This form for the
supersymmetry transformation is quite general for N = 2 supergravity in ve dimensions
but does not include all extended supergravities (e.g. see [10]). We will also ignore
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any higher order fermion terms since it is clear that their inclusion would not aect our
discussion.
Let us now look for a supersymmetric domain wall. Without loss of generality we
may choose the spacetime to have the metric
ds2 = dr2 + e2A(r)dx
dx ; (5)
where ;  = 0; 1; 2; :::; D − 2 and the scalars depend only on r. The requirement that
some supersymmetry is preserved gives rise to the Bogomoln’yi equations





where a prime denotes dierentiation with respect to r. The preserved supersymmetries





where Γr =  and an underlined index refers to the tangent frame.
It is instructive to consider supersymmetric vacua of this theory. Here we set all
the scalars to constants A = A0 . Clearly this can only occur at the \critical" points
where W3A(
A
0 ) = @V=@
A = 0. The spacetime (5) is now just pure AdS space with












There may also be non-supersymmetric vacua where @V=@A = 0 but W3A 6= 0. However
we will have little so say about these cases.
In a Randall-Sundrum domain wall A(r)  −jrj as r ! 1 [1]. Thus asymptotically
g00 = e
2A falls o exponentially and gravity is is localised to the domain wall. This
will be the case for a domain wall of the theory (3) if W1 changes sign between the two
vacua. For example in the original proposal [1] there are no scalars A or fermions A
and V  −W 21 is constant. The domain wall is obtained by simply choosing the sign of
W1 to be positive on one side and negative on the other, i.e. W1(r) is discontinuous.
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In supergravity theories we can construct a \Nester" tensor [13]
Nmn = Γmnp p; (9)
with  m given in (4). Such a tensor has the property that, on shell,
rmNmn =  mΓmnp p + γAB AΓnB : (10)
So in particular rmNm0 is negative denite (provided that we impose the Witten con-
dition Γm m = 0 [14]) and vanishes if and only if some supersymmetry is preserved. In
our case this case the requirement that Nmn satises (10) implies [15]
W3A = (D − 2)@W1
@A
;
















The role of the Nester tensor is to provide a bound on the tension of an arbitrary
domain wall in terms of a central charge of the supersymmetry algebra which in turn
provides a non-perturbative proof of the stability of the solution. Let us briefly sketch











d0rmNm0  0 : (12)
On the other hand we can directly evaluate the surface integral
Z
d0rN
0r =  − jW1(r = 1)−W1(r = −1)j ; (13)
where  is the tension of the domain wall and we have assumed that the domain wall
interpolates smoothly between two AdS vacua. Combining these two equations we learn
that   jW1(r = 1) −W1(r = −1)j for all domain walls with equality if and only if
some supersymmetry is preserved.
Note that this proof does not actually require that the action (3) admit a supersym-
metric completion. The proof of stability merely requires that the identities (11) hold and
that there are solutions to the supersymmetry Killing spinor equations (4). In particular
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it places no restriction on the function W1 and hence any domain wall satisfying (6) will
be stable in the purely bosonic theory [17]. On the other hand we will shortly see that
some choices of the function W1() can never appear in a consistent supergravity because
one could not consistently couple the theory to fermions.
Let us now try to adapt the discussion in the previous section to supersymmetric AdS
vacua. To begin we rst note that the fermionic equations of motion can be determined
by constructing the most general form for the equations and then imposing the condition
that their variation under supersymmetry vanishes when the scalars are on-shell. After
a lengthy calculation we nd














mΓnrnB m − (D − 2)@W1
@A
Γm m = 0 ;






(gmn − Γmn)rnAA = 0 ;
(14)
where
M BA = 2(D − 2)
@W1
@A@C
γBC − (D − 2)W1 BA : (15)
Therefore, in a supersymmetric AdS vacuum, we may set  m = 0 and obtain the equation
of motion
ΓmrmA +M BA B = 0 : (16)
Although the coordinate system (5) is perhaps the simplest form it obscures the fact
that A(r) ! −1 corresponds to an event horizon, through which an infalling observer
will pass in a nite proper time. Indeed one can readily solve the fermion equation in
this metric and surprisingly no condition for E in terms of the eigenvalues of M BA is
encountered and so there appears to be a continuum of fermion modes. Let us then

















where i = 1; 2; 3; :::; D − 1, 2 = yiyi and 0   < 1. Note that in this global coordinate
system  is periodic with period 2. However, if we were to choose to work on an AdS
with innite period (i.e. if we consider the universal covering spacetime CAdS), then as
we shall see, even particles on the covering spacetime \remember "the periodicity of AdS
because their energies are quantized.
We may now obtain solutions to the fermion equation of motion (16) using separation
of variables
A = e
−iEA ^A(yi) : (18)
Substituting this ansatz into (16) leads to two rst order coupled equations for ^A where
iΓ ^A = ^A. The exact form for these equations is not necessary for our purposes.
However, since  = 0 is the origin of the yi coordinates and the metric is non-singular
there (indeed it is Minkowski space), any smooth solution must satisfy @iA = 0 at  = 0.
This leads to the constraint
−2iW1EAΓ ^A(0) +M BA ^B(0) = 0 : (19)




where nA is an eigenvalue of M
B
A =W1. Of course we could solve the constraint (19) by
taking @i^A(0) = ^A(0) = 0. However the unique solution with these boundary conditions
vanishes everywhere.
Furthermore, since  is periodic we must have ( + 2) = () where the plus
and minus signs refer to periodic or anti-periodic boundary conditions. This leads to








are integers at the critical points @W1=@
A = 0. Note that we could have considered
the universal covering space of AdS where  is not compact and apparently avoided this
quantisation condition. However while one is free to do this there is nothing intrinsic
to the theory that tells you to do this. In other words, AdS space with a compact time
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direction is a supersymmetric ground state to the theory and therefore this quantisation
condition is a necessary consistency condition.
It is also clear from the full equation of motion (14) on an arbitrary static domain wall
spacetime that by using separation of variables the values of EA for the fermions will not
change as we interpolate between two vacua. Therefore, by evolving the fermion wave
functions of the Dirac sea from one vacuum to another we learn that the eigenvalues of
N BA must be the same in all critical points that are connected by a smooth domain wall.
Intuitively one expects that the energy of the fermion is proportional to EA. In fact
since EA is a integer, dimensional analysis implies that we should identify 2W1EA with
the energy. To verify that this is indeed the case we can rescale the coordinates
 = 2W1~ ; y
i = W1~y
i : (22)
If we now take the limit W1 ! 0 the metric (17) becomes Minkowski space and ~ is no








It is now clear that W1 cannot change sign between two vacua. For if it did the negative
energy Dirac sea would be mapped to positive energy states because, as we have already
seen, the EA do not change.
On the other hand it is clear that in order to interpolate between two critical points
of W1 we must go from a minimum to a maximum (or vice-versa) in a least one direction.




must change sign. Therefore, since W1 does not change sign, we nd that at least one
eigenvalue of N BA changes sign. However we have already seen that this cannot happen.
To illustrate the above points we may consider a case with just one scalar and a








where  and  are constants and γAB = AB. The critical points occur at 0 = −1
where W1 = 2=3 and indeed one can nd smooth supersymmetric domain walls [18, 19,
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5]. The stability of these domain walls in the bosonic theory follows from the equations
(12) and (13). However we see that although 2(D− 2)W 001 (0)=W1(0) = −6(D− 2)2 is
an integer for discrete values of , this superpotential can never be consistently embedded
in a supergravity because W1 has a dierent sign at the two critical points.
4 Conclusion
To summarise, we have shown that W1 does not change sign and the eigenvalues of N
B
A
are integers which must be the same for any two critical points of W1 that are connected
by a domain wall. In addition we have used these facts to argue that there are no smooth
domain walls between any pair of supersymmetric vacua. We note that this analysis
does not exclude the existence of domain walls where at least one of the vacua is not
supersymmetric, since in this case the A and  m equations of motion do not decouple.
We also note that although our discussion focused on the particular form (4) for the
supersymmetry algebra, the general argument should be applicable more widely, but
with a dierent formula for M BA . Therefore we expect that the quantisation condition
for the eigenvalues of M BA =W1 and the observation that W1 cannot change sign between
supersymmetric vacua are valid in all supergravities.
We hope that the above analysis helps to explain various observations in the literature;
notably the absence of multiple critical points and the fact that W1 never changes sign in
many supergravities. Furthermore, even in cases where the superpotential had two critical
points (e.g. see [2]), the corresponding domain wall turned out to be discontinuous (i.e.
W1(r) diverged to innity on the wall) and divided the moduli space of vacua up into
disconnected pieces [5, 6, 7, 8]. Here we have seen that this is an inevitable consequence
of the consistency of the supergravity. Finally we hope that the consistency condition
discussed here might be useful in other situations.
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